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ABSTRACT 
We demonstrate optimization of thermal conductance across nanostructures by 
developing a method combining atomistic Green’s function and Bayesian optimization. 
With an aim to minimize and maximize the interfacial thermal conductance (ITC) 
across Si-Si and Si-Ge interfaces by means of Si/Ge composite interfacial structure, the 
method identifies the optimal structures from calculations of only a few percent of the 
entire candidates (over 60,000 structures). The obtained optimal interfacial structures 
are non-intuitive and impacting: the minimum-ITC structure is an aperiodic superlattice 
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that realizes 50% reduction from the best periodic superlattice. The physical mechanism 
of the minimum ITC can be understood in terms of crossover of the two effects on 
phonon transport: as the layer thickness in superlattice increases, the impact of Fabry–
Pérot interference increases, and the rate of reflection at the layer-interfaces decreases. 
Aperiodic superlattice with spatial variation in the layer thickness has a degree of 
freedom to realize optimal balance between the above two competing mechanism. 
Furthermore, aperiodicity breaks the constructive phonon interference between the 
interfaces inhibiting the coherent phonon transport. The present work shows the 
effectiveness and advantage of material informatics in designing nanostructures to 
control heat conduction, which can be extended to other interfacial structures.  
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thermal conductance 
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I. INTRODUCTION 
Exploration and design of materials with desired thermal transport properties hold 
importance in thermal management applications such as thermal interface materials [1], 
heat pipe [2,3], thermoelectrics [4], and thermal insulator [5]. As the length scales of 
materials are reduced to nanoscale, phonon transport becomes more ballistic (or quasi 
ballistic) and the interfacial thermal conductance (ITC) determines the heat conduction 
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through the entire material [6,7]. In other words, the heat conduction becomes 
controllable through manipulating the interface structure. Various individual factors for 
tuning the ITC have been reported, such as roughness [8,9], vacancy defects [10], lattice 
orientation [11,12], nanoinclusions [13], and interfacial adhesion or bonding [14,15]. 
However, these factors are usually coupled with each other and sensitive to the detailed 
atomic configurations, which makes it hard to identify the total controllability of ITC. 
The search for optimal structure becomes even more difficult in case of structures with 
multiple interfaces such as superlattices [16-19], nanocrystals [20], nanocomposites 
[21,22], where the constructive and deconstructive phonon interference and resonance 
effects make the heat transport more complicated. The key next-generation technology 
here can be the materials informatics (MI) [23-25]: integration of material property 
calculations/measurements and informatics to accelerate the material discovery and 
design.  
During the past decade, informatics has been successfully applied in designing 
drugs [26,27], polymers [28] and grain boundaries [29], and even in guiding 
experiments [30]. In the field of heat transfer, MI has been applied to search for 
thermoelectric materials with low thermal conductivity from developed material 
database [31,32]. Optimal distribution of nanoparticle size for minimum thermal 
conductivity was also performed by using a kind of evolutionary algorithm [33]. 
However, the nanostructure optimization for thermal transport is still in its infancy. 
Developing effective optimization method for designing nanostructures is necessary 
and has large potential for application. In this work, we develop a framework by means 
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of atomistic Green’s function (AGF) [8,34-36] and Bayesian optimization methods [37], 
and demonstrate the efficiency and ability to identify non-trivial interfacial structures 
that realize maximum and minimum ITC.  
 
II. METHODOLOGY 
We explain the basis of the method by taking a problem to design the interfacial 
alloy structure to tune heat conduction across the Si-Si and Si-Ge interfaces, as shown 
in Fig. 1 (a) ~ (d). The cross sectional area of the calculated system is 5.43 Å × 5.43 Å 
and the periodic boundary condition is applied to simulate an interface with infinite 
cross section. The thickness of the interfacial structure is fixed at 10.86 Å. The 
interfacial structure between the leads in the simulation cell consists of 16 atoms, which 
are either Si or Ge. Here, for simplicity, we constrain the fraction of Si and Ge to be 
50%. Thus the optimization problem becomes how to arrange the Si and Ge atoms to 
obtain the largest and smallest ITC.  
Four basic elements are required when conducting material informatics, the 
descriptor, evaluator, calculator, and optimization method. The descriptors are used to 
describe the possible structure candidates considered during the optimization. In this 
study, we use a binary flag to describe the state of each atom: ‘1’ and ‘0’ represent Ge 
and Si atom, respectively. Here, the total number of possible candidates involved in this 
optimization problem is 
8
16C =12,870. As for the evaluator, the ITC is chosen to 
quantitatively evaluate the performance of each configuration. The AGF method [8,34-
36] was employed to calculate the phonon transmission function, Ξ(ω),  
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where ω is the phonon frequency, Gr and Ga are the retarded and advanced Green’s 
functions of scattering region, the level broadening matrices )-(Γ aL
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LR i   describe the rates of inflow from left lead and outflow into right lead, 
and 
L  and R  are the self-energies, which are calculated from surface Green’s 
functions of left and right leads, respectively. With the two leads kept at different 
temperatures TL and TR, the heat current flows through the device is given by the 
Landauer formula [38], 
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where fL and fR are the Bose-Einstein distributions of phonons. In the limit of small 
temperature differences, the value of ITC (σ) at average temperature T can be further 
obtained by,  
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where kB is the Boltzmann constant, S is the cross sectional area. In this work, the AGF 
calculation was conducted by using Atomistix ToolKit simulation package (ATK) [39] 
with Tersoff potentials [40,41]. The number of transverse k points within the Brillouin 
zone perpendicular to the phonon transport direction is selected as 20×20, which has 
been tested to ensure convergence of the transmission calculation.  
We employed our developed open-source Bayesian optimization library COMBO 
[37] to perform the optimization process. Bayesian optimization is an experimental 
design algorithm based on machine learning [42]. Suppose that ITC of n candidates are 
already calculated, and we are to choose the next one to calculate. A Bayesian 
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regression function is learned from n pairs of descriptors and ITCs (i.e., training 
examples). For each of the remaining candidates, a predictive distribution of ITC is 
estimated. The best candidate is chosen based on the criterion of expected improvement 
[42]. Finally, ITC is calculated for the chosen candidate, and it is added to the training 
examples. By repeating this procedure, the calculation of ITC is scheduled optimally, 
and the best candidate can be found quickly.  
As the prediction model, we employed a Bayesian linear regression model 
combined with a random feature map,  
  )(xwTy ,                         (4) 
where x is a d-dimensional vector corresponds to a candidate, w is a D-dimensional 
weight vector, ε is the noise subject to normal distribution with mean 0 and variance σ. 
The random feature map is chosen so that the inner product corresponds to the Gaussian 
kernel [43], 
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The performance of the model depends on hyperparameters σ and η. In COMBO, they 
are initialized according a heuristic procedure by Yang et al. [44]. Whenever 20 training 
examples are added, the hyperparameters are periodically configured and updated by 
maximizing the type-II likelihood.  
 
III. RESULS AND DISCUSSIONS 
To test the performance of Bayesian optimization, 10 rounds of optimization were 
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conducted with different initial choices of 20 candidates. As shown in Fig. 1 (e) and (f), 
all optimizations come to convergence within calculations of 438 structures, which is 
only 3.4% of the total number of candidates (12,870). To check the accuracy of the 
optimization, the ITC of all candidates were also calculated, and the 
maximum/minimum ITC and the corresponding structures were confirmed to be 
exactly the same as those obtained by Bayesian optimization. The probability 
distribution of ITC shown in the insets of Fig. 1 (e) and (f) show that the probabilities 
decrease as ITC values approach the minimum and maximum, confirming that the 
current problem is appropriate for optimization. The ratios of maximum to minimum 
ITC for Si-Si and Si-Ge interfaces are 2.4 and 2.2, respectively, which indicates that the 
ITC significantly dependents on the interfacial nanostructure. 
Figures 1 (g) and (h) compare the phonon transmission function of optimal 
structures with those of bare Si-Si and Si-Ge interfaces. Note that the bare Si-Si 
interface here means the absence of interface. For phonon frequency lower than 3 THz, 
the transmission of different structures are almost the same because the transport of 
long wavelength phonons is not sensitive to the interfacial structures with smaller 
length scales. On the other hand, for higher phonon frequency, the transmission function 
strongly depends on the structure. The optimal structure with maximum ITC for Si-Si 
interface shown in Fig. 1 (a) is intuitive as the structure provides continuum path of Si 
for phonons to coherently propagate. However, the other three optimal structures shown 
in Fig. 1 (b) ~ (d) are not intuitive. The optimal structure with maximum ITC for Si-Ge 
interfaces shown in Fig. 1 (b) can be considered as a kind of rough interface, and the 
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phonon transmission are clearly enhanced at frequency range 4~5 THz and 8~11 THz. 
This agrees with the previous AGF calculation result on rough interface [8], which 
showed that the roughness can enhance the phonon transmission at interface. 
The structures with minimum ITC for both Si-Si and Si-Ge interface shown in Fig.1 
(c) and (d) are aperiodic superlattice with the constituent layers perpendicular to the 
direction of heat conduction. The structure is different from periodic superlattices, 
which have been widely studied as a class of materials with low thermal conductivity 
motivated particularly by thermoelectric applications. Their thermal conductivity has 
been found to take a minimum with respect to the layer thickness due to the crossover 
between wave interference and particle scattering of phonons at the periodic inter-layer 
interfaces [17]. As shown in a recent study, aperiodic superlattices can have lower 
thermal conductivity than the periodic ones [45]. However, as thickness of each layer 
in superlattice is different, the underlying physics becomes complicated and identifying 
the optimal structure from vast number of candidates based on physical principles has 
been a challenge.  
Based on the knowledge learnt above, we extend the ITC-minimization problem of 
interfacial structure to a realistic setup by enlarging the length scales of the structure to 
the extent controllable in the experiments [46]: the thickness of the unit layer (UL) is 
5.43 Å, and total thickness of interfacial structure ranges from 8 to 16 ULs (from 4.35 
nm to 8.69 nm). To compensate the increase in the number of candidates, we limit the 
candidates to Si/Ge superlattices (periodic and aperiodic) based on the above finding 
that the alloy structure with minimum ITC is a superlattice. Figure 2 illustrates the 8-
 9 
UL superlattice structure in case of Si-Si interface. Similarly to the descriptors used in 
the alloy structure optimization, 8 binary flags were used to indicate the state of each 
UL (‘1’ indicates Ge and ‘0’ indicates Si). The descriptor for the case shown in Fig. 2 
is (10110010).  
Table 1 lists all the optimal superlattice structures for Si-Si and Si-Ge interfaces 
optimized for various total thickness. For each layer thickness, the optimization was 
performed for equal and variable fraction of Si/Ge atoms. The number of candidates in 
each case is also listed in brackets. As expected, the numbers of candidates in case of 
variable fraction are much larger than those with fixed (and equal) fraction. It can be 
seen that the superlattice always begins or ends with a different material layer from the 
lead region, which is understandable because it enhances the phonon scattering. Figure 
3 (a) summarizes the minimum ITC values versus the number of ULs (i.e. total 
thickness of the interfacial structure). As the number of UL increases, the minimum 
ITC decreases. For Si-Si interfaces, the minimum ITC of the variable-fraction case is 
smaller than that of the fixed fraction case, while for Si-Ge interfaces, the difference 
between the two cases is very small. Figure 3 (b) compares the ITC of the obtained 
aperiodic structure at Si-Si interface and with that of traditional periodic [10] 
superlattices with the best period thickness (optimized separately for each total length). 
We found that ITC of the designed aperiodic superlattices with fixed Si/Ge fraction is 
significantly smaller (by 20~50%). Not to mention, making the fraction variable can 
further reduce the ITC. 
Now that the optimal structures have been identified, we look into the mechanisms 
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behind the small ITC. First obvious attempt is to see it from the view of phonon 
dispersion relations and phonon density of states (DOS), as broadly done to discuss 
phonon interference. Taking the 10-UL superlattice structures as an example, we choose 
three typical structures for comparison, the obtained optimal structure (1101010001) 
and the periodic superlattices with minimum layer thickness (1010101010) and 
maximum layer thickness (1111100000). Figure 3 (c) and (d) shows the phonon 
dispersion, phonon DOS and phonon transmission function. Comparing the phonon 
dispersion relations of structures (1101010001) and (111110000) (Fig. 3 (c)), the 
difference is quite small even though their ITC values differ by a factor of 2. The DOS 
of the three structures are also almost the same except for some minor differences in 
the local peaks. However, we can see obvious difference in the phonon transmission 
function shown in Fig. 3 (d), and the optimal structure clearly exhibits the minimum 
transmission. These suggest the incapability of phonon dispersion or DOS in explaining 
the mechanism of minimum ITC in the optimal structure.  
We then take another route by breaking the characteristics of the structure into the 
thickness of a single layer (layer thickness) and the number of interfaces in the 
superlattice. For this, we constructed model systems that allow us to independently vary 
the layer thickness and the number of interfaces as shown in Fig. 4 (a) and (c). In the 
former, the layer thickness is varied by fixing the number of interfaces, and in the latter, 
the number of interfaces is varied by fixing the length per layer. Figures 4 (a) and (c) 
show that as the layer thickness and number of thickness increase the ITC decreases 
and eventually asymptotically converges to a constant value. The corresponding 
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phonon transmission functions in Fig. 4 (b) and (d) show that the general dependence 
on the layer thickness and number of thickness follows that of ITC.   
The dependence on number of interface is intuitive since the scattering should 
increase with the number of interface. The reason for the convergence will be discussed 
later. To understand the dependence on the layer thickness, we have adopted the 1-D 
atomic chain model and calculated phonon transmission by changing the thickness of 
scattering region and the distance between two interfaces d (see supplementary 
materials Fig. S1 and Fig. S2). The results clearly exhibit the Fabry–Pérot oscillations 
[47,48], with both constructive and destructive phonon interferences, which gives rise 
to the strong dependence of phonon transmission function on the distance between two 
interfaces. While, when d is small, the resonance occurs at specific frequencies, as d 
increases, the number of resonant frequencies increases and eventually covers the entire 
frequency range. As a result thermal conductance decreases faster when d is small and 
eventually saturates to a constant value as d increase. This trend resembles that of Si/Ge 
system in Fig. 4(a), and thus, we attribute the observed trend to the Fabry–Pérot 
oscillations.  
On considering a superlattice with a given total thickness, the layer thickness and 
number of interfaces are two competitive parameters, and this gives rise to the optimal 
structure with minimum ITC. On optimizing the balance between layer thickness and 
number of interfaces, aperiodic superlattice can be superior to the periodic counterpart 
because it has degree of freedom to spatially distribute parts with different layer 
thicknesses and numbers of interfaces. 
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To further highlight the above discussed competition of the two effects, the ITC of 
all the candidates were calculated for the 14-UL superlattice with fixed (equal) Si/Ge 
fraction and 10-UL superlattice with variable fraction. The ITC versus the number of 
interfaces in the superlattices is shown in Fig. 4 (e) and (f). In both cases, the profile of 
ITC with respect to the number of interfaces takes a minimum, which confirms the 
competition. Figure 4 (e) and (f) also show that structures with the same number of 
interfaces can result in significantly different ITC due to the difference in the thickness 
of the constituent layers. 
Now, to gain deeper understanding into the physics of phonon transport in the 
optimized structure, we look into the role of phonon coherence, which can cause 
constructive and destructive interferences. To this end, we attempt to separate the 
transmission due to particle (incoherent) effect and wave (coherent) effect in 
superlattices by comparing the phonon transmission from full AGF calculation and the 
cascade transmission model in the view of particle transport [49-51]. In the cascade 
model, the phonon transmission of each component is assumed to be independent from 
each other and the effective phonon transmission Ξcascade is obtained as, 
Sii iascade
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where N is the number of components, Ξi is the transmission coefficients of ith 
component, and ΞSi is the phonon transmission of perfect silicon crystal. Figure 5 (a) 
compares the results obtained by the cascade model and full AGF calculation for 
periodic superlattice with three different numbers of periods (2, 4, and 6), where a 
period consists of one Si UL and one Ge UL (‘10’ in terms of the descriptor). With 
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increasing superlattice periods, the transmission of the full AGF calculation converges 
quickly, while the transmission of the cascade model keeps decreasing. This is 
understandable because the cascade model reflects only the incoherent phonon 
transport while the full AGF calculation captures the coherent phonon transport 
crossing multiple layers. The convergence of the full AGF transmission to smaller 
values indicates the contribution from constructive interference in the periodic 
superlattices. This suggests that there should be a room to further reduce the phonon 
transmission and ITC if the constructive phonon interference can be broken. Note that 
these structures are the same as the ones calculated in Fig. 4(c) and thus explains the 
reason for the convergence. 
Take the optimal 10-UL superlattice for phonon transport from Si to Si with fixed 
and equal Si/Ge fraction as an example, 1101010001 can be divided to four individual 
components including one ‘0110‘ and three ‘010’. Figure 5 (b) shows the comparison 
between the effective phonon transmission from the cascade model and the 
transmission obtained from full AGF calculation. We find that the cascade model 
reproduces the general trend and magnitude of the transmission functions although 
there are certainly some differences in the details. The agreement suggests that the 
constructive phonon interference is suppressed by the aperiodic structure, and the 
phonon transmission approaches the incoherent phonon-transport limit, leading to the 
minimum ITC.  
 
IV. CONCLUSIONS 
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In conclusion, we have identified the Si/Ge-composite interfacial structures that 
minimize/maximize the ITC across Si-Si and Si-Ge interfaces by the developed 
framework combining atomistic Green’s function and Bayesian optimization methods. 
The optimal structures were obtained by calculating only a few percent of the total 
candidate structures, considerably saving the computational resources. The validity and 
capability of the method are demonstrated by identifying the thin interfacial structures 
with the optimal Si/Ge configurations among all the possible candidates. Based on the 
finding that the interfacial structures with minimum ITC take a form of aperiodic 
superlattice, we extended the search to thicker structures (up to 8.69 nm), and identified 
non-intuitive structures whose ITCs are significantly smaller than those of the optimal 
periodic superlattices. The small ITC in the aperiodic structures originates from their 
degree of freedom to mutual-adoptively balance the two competing effects: Fabry–
Pérot wave interference and interfacial particle scattering, which reduces ITC as 
thickness of the constituent layers in superlattice increases and decreases, respectively. 
As a results, the optimal aperiodic structure was found to restrain the constructive 
phonon interference, making the phonon transport to approach its incoherent limit. The 
present work shows the effectiveness and advantage of material informatics in 
designing nanostructures to control heat conduction.  
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FIGURES, TABLES AND CAPTIONS 
 
Fig. 1 Interfacial Si/Ge alloy structure optimization. (a)~(d) Optimal structures with the 
maximum and minimum interfacial thermal conductance (ITC) for Si-Si and Si-Ge 
interface. (e) and (f) shows the 10 optimization runs with different initial choices of 
candidates, where the insets show the probability distribution of ITC. (g) and (f) 
compare the phonon transmission functions of the optimized interfacial structure 
(maximum and minimum ITC) and bare Si-Si and Si-Ge interfaces (i.e. no interfacial 
structure).  
 20 
 
Fig. 2 Sketch of the 8-UL superlattice structure.  
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Fig. 3 (a) Comparison of ITC of interfacial structures at Si-Si and Si-Ge interafaces 
with variable ULs. (b) The reductoin ratio |(σaperiodic-σperiodic)|/ σperiodic, where σaperiodic is 
the ITC of the optimized aperiodic superlattice, and σperiodic is the ITC of the 
corresponding periodic superlattice with period thickness optimized for each number 
of ULs (i.e. total length). The comparision of (c) the phonon dispersion and DOS, and 
(d) the phonon transmission for three superlattice structures optimal aperodic 
superlattice (1101010001), and periodic superlattice with the largest (1111100000) and 
smallest (1010101010) periodic thickness.  
  
 22 
 
Fig. 4 (a) and (b) ITC and phonon transmission versus the layer thickness. (c) and (d) 
ITC and phonon transmission versus the number of interfaces. (e) and (f) ITC versus 
number of interfaces for cases of 14-UL superlattice with equal Si/Ge layer number and 
10-UL superlattice with variable Si/Ge fraction.  
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Fig. 5 Comparision between the phonon transmission obtained from the cascade model 
and full AGF calculation. (a) periodic ‘10’ superlattices with different number of 
periods (b) 10-UL optimal structure.  
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Table 1 Optimal superlattice structure obtained through Bayesian optimization for 
different setups and constraints. The numbers in the brackets are the number of 
candidates in each case. 
UL 
number  
Si-Si 
fixed Si/Ge fraction 
Si-Si 
variable Si/Ge 
fraction 
Si-Ge 
fixed Si/Ge fraction 
Si-Ge 
variable Si/Ge 
fraction 
8 
11000101  
(70) 
11101101  
(256) 
10100110  
(70) 
10100110  
(256) 
10 
1101010001  
(252) 
1110110101 
(1024) 
100010110  
(252) 
100010110  
(1024) 
12 
101100100101 
(924) 
110110101001 
(4096) 
100101010110 
(924) 
100101010110  
(4096) 
14 
11011000101001 
(3432) 
11001010110111 
(16384) 
10011001010110 
(3432) 
10010101101110  
(16384) 
16 
1100010010110101 
(12870) 
1100101110110101  
(65536) 
1010110110010010  
(12870) 
1001010101101110  
(65536) 
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Here we present the Fabry–Pérot oscillations of phonon transmission in one 
dimensional chain by changing the scattering layer thickness (Fig. S1) and the distance 
between two interfaces (Fig. S2). For both of the two cases, the normalized integration 
of phonon transmission convergent to almost constant value, even though the phonon 
transmissions are quite different.  
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Fig. S1 Transmission function for the scattering region with 
different thickness, where d is the thickness of scattering region, a is the lattice 
constant. (a) d=20a, (b) d=5a, (c) d=a, (d) normalized intigration of phonon 
transmission. 
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Fig. S2 Transmission function for two interfaces with different distance, where d is 
the distance between two interfaces, a is the lattice constant. (a) d=15a, (b) d=5a, (c) 
d=a, (d) Normalized intigration of phonon transmission.  
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